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In this paper we shall study the evolution of cosmological gravitational waves in the context of
Chern-Simons axion F (R) gravity. In the case of Chern-Simons axion F (R) gravity there exist
spin-0, spin-2 and spin-1 modes. As we demonstrate, from all the gravitational waves modes of the
Chern-Simons axion F (R) gravity, only the two tensor modes are affected, while the spin-0 and
spin-1 modes are not affected at all. With regard to the two tensor modes, we show that these
modes propagate in a non-equivalent way, so the resulting tensor modes are chiral. Notably, with
regard to the propagation of the spin-2 graviton modes, the structure of the dispersion relations
becomes more complicated in comparison with the Einstein gravity with the Chern-Simons axion,
but the resulting qualitative features of the propagating modes are not changed. With regard to the
spin-0 and spin-1 modes, the Chern-Simons axion F (R) gravity contains two spin-0 modes and no
vector spin-1 mode at all. We also find that for the very high energy mode, both the group velocity
and the phase velocity are proportional to the inverse of the square root of the wave number, and
therefore the velocities become smaller for larger wave numbers or even vanish in the limit that the
wave number goes to infinity.
PACS numbers: 04.50.Kd, 95.36.+x, 98.80.-k, 98.80.Cq,11.25.-w
I. INTRODUCTION
The presence of a dark component of matter in the Universe was assumed early after the first galactic rotation curves
appeared. Since then, theoretical physics studies were focused on proposing massive particles weakly interacting with
luminous matter, the so-called WIMPs (Weakly Interacting Massive Particles), and there exist examples coming from
various theoretical contexts, see for example [1–6]. To be honest, for the moment only indications exist that support
the particle nature of dark matter, such as the observational data from the bullet cluster. However, nearly two decades
of searches did not result in finding any WIMP. A crucial point to stress is that all the dark matter searches focused
in mass ranges from a few MeV up to hundreds of GeV’s. However, only recently the experimentalists focused their
interest in searching WIMPs having masses a few eV or even sub-eV.
String theory is up to date the most prominent theory that may describe in a consistent way the quantum theory
of gravity. One of the interesting predictions of string theory is the existence of low-mass axion [7–10] particles, other
than the QCD axions. The axions are particularly appealing as dark matter candidates, since the mass range that
these may have, is not investigated yet, and only the last 5 years experimentalists turned their focus on the axions.
There is a plethora of experimental [11–19] and theoretical proposals related to the axions [20–68]. Axions can induce
particularly interesting effects in the phenomenology of gravitational theories, since Chern-Simons terms of the form
U(φ)R˜R are allowed in the theory [69–82]. The Chern-Simons terms produce non-equivalent polarizations in the
tensor modes of the underlying gravitational theory [83, 84], and in the literature there exist timely studies on chiral
gravitational waves [85–92].
In this paper we shall study a general Chern-Simons Axion F (R) gravity [93–99], by mainly focusing on the
possibility of generating non-equivalent polarizations in the tensor modes of the gravitational waves. We shall be
interested in the primordial gravity waves propagation, assuming the conservation of the gravitational wave in the
large scale [84]. Our approach will mainly be quantitative, since we will extract the gravitational wave equations,
and we shall study the tensor, vector and scalar modes. As we demonstrate, the situation with the spin-0 scalar
mode and spin-1 vector mode, is not changed from the standard F (R) gravity coupled with quintessence-like type
scalar field and as we demonstrate, the Chern-Simons axion term does not affect the propagation of these modes at
all. Particularly, there exist two propagating scalar modes, and no propagating vector mode. With regard to the
two tensor modes, the resulting dispersion relations are more complicated compared with the Einstein gravity with
2the Chern-Simons axion term, but the qualitative features of the propagating modes are not changed, and actually
non-equivalent propagation occur in both Einstein Chern-Simons and F (R) gravity Chern-Simons theories.
This paper is organized as follows: In section II we present the general features of Chern-Simons Axion F (R)
gravity models. In section III we extract the general gravitational wave equations, while in section IV the various
gravitational wave modes, and the corresponding polarizations, are studied. Finally, the conclusions follow in the end
of the paper.
II. THE CHERN-SIMONS CORRECTED AXION F (R) GRAVITY
In this paper we shall mainly consider a Axionic Chern-Simons corrected F (R) gravity model, whose action is given
by,
S =
1
2κ2
∫
d4x
√−g
[
F (R)− ω(φ)
2
∂µφ∂
µφ− V (φ) + U(φ)ǫ˜µνρσRτλµνRλτρσ
]
, (1)
where we defined the totally antisymmetric Levi-Civita symbols ǫµνρσ and ǫ
µνρσ as follows,
ǫ0123 = −ǫ0123 = 1 , (2)
and in addition,
ǫµνρσ = ηµµ′ηνν′ηρρ′ησσ′ǫ
µ′ν′ρ′σ′ . (3)
Then we obtain the following tensors,
ǫ˜µνρσ ≡ 1√−g ǫ
µνρσ , ≡ gµµ′gνν′gρρ′gσσ′ ǫ˜µ
′ν′ρ′σ′ =
√−gǫµνρσ . (4)
We should note that the following tensor identity holds true,
∇σ ǫ˜ζηρξ = 0 . (5)
Since,
δ
(√−gU(φ)ǫ˜µνρσRτλµνRλτρσ) = 2√−gU(φ) [ǫ˜ζηρµRτνζη + ǫ˜ζηρνRτµζη]∇ρ∇τ δgµν , (6)
upon varying the action (1) with respect to the metric, we obtain the equations as follows,
0 =
1
2
gµνF (R)−RµνF ′(R) +∇µ∇νF ′(R)− gµνF ′(R)
+
1
2
{
−ω(φ)
2
∂µφ∂
µφ− V (φ)
}
gµν +
ω(φ)
2
∂µφ∂νφ
+ 2 (gµξgνσ + gµσgνξ)∇τ∇ρ
(
U(φ)ǫ˜ζηρξRτσζη
)
. (7)
The equation obtained from the variation of the action with respect to the scalar field φ is given by,
0 = ∇µ (ω(φ)∂µφ)− V ′(φ) + U ′(φ)ǫµνρσRτλµνRλτρσ . (8)
We now assume that the geometric background is a Friedmann-Robertson-Walker (FRW) spacetime with flat spatial
part,
ds2 = −dt2 + a(t)2
∑
i=1,2,3
(
dxi
)2
, (9)
and we also assume that the scalar field φ depends solely on the cosmological time t. In the FRW background, we
obtain,
Γtij = a
2Hδij , Γ
i
jt = Γ
i
tj = Hδ
i
j , Γ
i
jk = Γ˜
i
jk ,
3Ritjt = −
(
H˙ +H2
)
a2δij , Rijkl = a
4H2 (δikδlj − δilδkj) ,
Rtt = −3
(
H˙ +H2
)
, Rij = a
2
(
H˙ + 3H2
)
δij , R = 6H˙ + 12H
2 ,
other components = 0 , (10)
and from these we obtain the following equations,
0 =− 1
2
F (R0) + 3
(
H2 + H˙
)
F ′(R0)− 18
(
4H2H˙ +HH¨
)
F ′′(R0) +
ω(φ)
4
φ˙2 +
V (φ)
2
,
0 =
1
2
F (R0)−
(
H˙ + 3H2
)
F ′(R0) + 24
(
4H2H˙ + H˙2 + 2HH¨
)
F ′′(R0) + 36
(
4HH˙ + H¨
)2
F ′′′(R0)
+
ω(φ)
4
φ˙2 − V (φ)
2
. (11)
Here R0 = 12H
2 + 6H˙ and we have neglected the contributions from matter perfect fluids. We should note that the
term containing the scalar coupling function to the Chern-Simons term, namely, U(φ), does not contribute to the
above equations in (11). We may choose φ to be the cosmological time t, that is, φ = t. Then the equations in (11)
can be rewritten as,
ω(φ) =− 4H˙F ′(R0)− 4
(
12H2H˙ + 12H˙2 + 15HH¨
)
F ′′(R0)− 72
(
4HH˙ + H¨
)2
F ′′′(R0) ,
V (φ) =F (R0)− 2
(
2H˙ + 3H2
)
F ′(R0) +
(
168H2H˙ + 24H˙2 + 66HH¨
)
F ′′(R0) + 36
(
4HH˙ + H¨
)2
F ′′′(R0) . (12)
Then if we choose,
ω(φ) =− 4f ′(φ)HF ′(Rf )− 4
(
12f(φ)2f ′(φ) + 12f ′(φ)2 + 15f(φ)f ′′(φ)
)
F ′′(Rf )
− 72 (4f(φ)f ′(φ) + f ′′(φ))2 F ′′′(Rf ) ,
V (φ) =F (Rf )− 2
(
2f ′(φ) + 3f(φ)2
)
F ′(Rf ) +
(
168f(φ)2f ′(φ) + 24f ′(φ)2 + 66f(φ)f ′′(φ)
)
F ′′(Rf )
+ 36 (4f(φ)f ′′(φ) + f ′′(φ))2 F ′′′(Rf ) ,
Rf ≡12f(φ)2 + 6f ′(φ) . (13)
a solution of the equations in (11) is given by H = f(t) and φ = t.
III. GRAVITATIONAL WAVE EQUATIONS
We now investigate the propagation of gravitational waves in the Chern-Simons Axion F (R) gravity. In order to
study the propagation of the gravitational waves, we consider the perturbation of Eq. (7), from the background whose
metric is g
(0)
µν ,
gµν = g
(0)
µν + hµν , φ = φ
(0) + ϕ . (14)
Then we can find the equations corresponding to the perturbed Einstein equation, which are presented in the Appendix
in Eq. (44) due to the extended analytic form these have. On the other hand, Eq. (8) gives,
0 =− 1
2
g(0)µνhµν∇(0)ρ
(
ω
(
φ(0)
)
∂ρφ
(0)
)
−∇(0)ν
(
hνµω
(
φ(0)
)
∂µφ
(0)
)
+
1
2
∇(0)ρ
(
g(0)µνhµνω
(
φ(0)
)
∂ρφ
(0)
)
+ 2U ′
(
φ(0)
) [
ǫ˜(0)ζηρµR
(0)τν
ζη + ǫ˜
(0)ζηρνR
(0)τµ
ζη
]
∇(0)ρ ∇(0)τ hµν −
1
2
g(0)ηζhηζU
′
(
φ(0)
)
ǫ˜(0)µνρσR
(0)τ
λµνR
(0)λ
τρσ
+∇(0)µ
(
ω′
(
φ(0)
)
ϕ∂µφ
(0)
)
+∇(0)µ
(
ω
(
φ(0)
)
∂µϕ
)
− V ′′
(
φ(0)
)
ϕ+ U ′′
(
φ(0)
)
ϕǫ˜(0)µνρσR
(0)τ
λµνR
(0)λ
τρσ . (15)
The explicit form of the (t, t), (i, j), and (t, i) components of the modified Einstein equations δGµν = 0 from Eq. (44)
in the FRW background (9) are given as follows,
δGtt ≡g(0)tµδGµt
4=F ′
{
−
(
H˙ + 3H2
)
htt +H
(
∂th
i
i + 2∂
ihti
)
+
1
2
∂i∂jh
j
i −
1
2
∂i∂ih
j
j
}
+ F ′′
{
−6...H htt + H¨
[
H
(−57htt − 12hii)− 3∂thii − 6∂ihti]− 18H˙2htt + H˙ [H2 (−30htt − 48hii)
+H
(−18∂thtt − 12∂thii − 24∂ihti)− 3∂2t hii − 6∂i∂thti + 9∂i∂ihtt − 3∂i∂jhji + 3∂i∂ihjj]
+ 36H4htt +H
3
(−27∂thtt − 12∂thii − 36∂ihti)+H2 (−9∂2t htt + 9∂2t hii + 21∂i∂ihtt − 6∂i∂thti
−9∂i∂jhji + 9∂i∂ihjj
)
+H
(
3∂3t h
i
i + 6∂
i∂2t h
t
i − 7∂i∂i∂thjj + 3∂i∂j∂thji − 4∂i∂j∂jhti
)
−∂i∂i∂2t hjj + ∂i∂i∂k∂khtt − 2∂j∂j∂i∂thti + ∂j∂j∂k∂khii − ∂l∂l∂j∂ihij
}
+ F ′′′
{
−54H¨2htt + H¨
[
−540H˙Hhtt − 216H3htt +H2
(−54∂thtt + 72∂thii + 72∂ihti)
+H
(
18∂2t h
i
i + 36∂
i∂th
t
i − 18∂i∂ihtt + 18∂i∂jhji − 18∂i∂ihjj
)]
− 1296H˙2H2htt
+ H˙
[−864H4htt +H3 (−216∂thtt + 288∂thii + 288∂ihti)+H2 (72∂2t hii − 72∂i∂ihtt
+144∂i∂th
t
i + 72∂
i∂jh
j
i − 72∂i∂ihjj
)]
+
1
2
{
ω
(
φ(0)
)(
φ˙(0)
)2
− V
(
φ(0)
)}
htt −
1
2
{
ω′
(
φ(0)
)
2
(
φ˙(0)
)2
ϕ+ ω
(
φ(0)
)
φ˙(0)ϕ˙+ V ′
(
φ(0)
)
ϕ
}
=0 , (16)
We define the Levi-Civita symbol, which is totally antisymmetric tensor, in three dimensions as follows,
ǫxyz ≡ a3 , ǫijk ≡ g(0)ilg(0)jmg(0)knǫlmn = a−6ǫijk . (17)
Then we can obtain the non-zero components of the perturbed Einstein tensor. Specifically, the components δGij are
presented in the Appendix in Eq. (45) due to their extended form. The corresponding δGti components are,
δGti ≡g(0)tµδGµi
=
2U˙
a2
ǫikl
(
∂k∂m∂th
l
m + ∂
m∂m∂
khtl
)
+ F ′
{
H∂ih
t
t +
1
2
∂i∂
thkk −
1
2
∂k∂thik +
1
2
∂k∂kh
t
i −
1
2
∂k∂ih
t
k
}
+ F ′′
{
H¨
(−42Hhti + 3∂ihtt)− 24H˙2hti + H˙ [−72H2hti + 6H∂ihtt + ∂i∂t (9htt − 4hkk)
−4∂i∂khtk
]− 12H3∂ihtt +H2 [∂i∂t (9htt + 4hkk)+ 12∂i∂khtx]
+H
[
3∂i∂
2
t
(
htt − hkk
)− 3∂i∂k∂k (htt + hkk)+ 3∂i∂k∂lhkl + 2∂i∂k∂thtk]
−∂i∂3t hkk + ∂i∂k∂k∂t
(
htt + h
l
l
)− ∂i∂k∂l∂thkl − 2∂i∂k∂2t htk}
+ F ′′′
{
−36H¨2hti + H¨
[
H˙
(−288Hhti + 36∂ihtt)+ 72H2∂ihtt +H∂i∂t (18htt − 24hkk)
−24H∂i∂khtk − 6∂i∂2t hkk + 6∂i∂k∂k
(
htt + h
l
l
)− 6∂i∂k∂lhkl − 12∂i∂k∂thtk]
+ H˙2
(−576H2hti + 144H∂ihtt)+ H˙ [288H3∂ihtt +H2 (∂i∂t (72htt − 96hkk)
−96∂i∂khtk − 24H∂i∂2t hkk +H
(
24∂i∂
k∂k
(
htt + h
l
l
)− 24∂i∂k∂lhkl − 48∂i∂khtk)]}
+
1
2
{
−ω
(
φ(0)
)
2
∂µφ
(0)∂µφ(0) − V
(
φ(0)
)}
hti −
ω
(
φ(0)
)
2
˙φ(0)∂iϕ
=0 . (18)
We should note that all the terms coming from the last term in Eq. (44) identically vanish. A more explicit form of
Eq. (15) is given by,
0 =
1
2
g(0)µνhµν (∂t + 3H)
(
ω
(
φ(0)
)
φ˙(0)
)
− ∂ν
(
hνtω
(
φ(0)
)
φ˙(0)
)
− 3Hhtt∂t
(
ω
(
φ(0)
)
φ˙(0)
)
5− 1
2
(∂t + 3H)
(
g(0)µνhµνω
(
φ(0)
)
φ˙(0)
)
− (∂t + 3H)
(
ω′
(
φ(0)
)
ϕφ˙(0)
)
− (∂t + 3H)
(
ω
(
φ(0)
)
ϕ˙
)
+ a3ω
(
φ(0)
)
∂k∂kϕ− V ′′
(
φ(0)
)
ϕ . (19)
IV. POLARIZATIONS OF GRAVITATIONAL WAVES
The most important study in the Chern-Simons Axion F (R) gravity is related to the polarization modes of the
gravitational waves. We now consider the following modes,
• Spin 2 tensor mode
hˆij , hit = htt = 0 , h
i
i = 0 , ∂
jhij = 0 , (i = x, y, z) , ϕ = 0 . (20)
• Spin 1 vector mode
Ai ≡ ∂jhji , ∂i∂jhij = ∂iAi = 0 , hit = htt = 0 , hii = 0 , (i, j = x, y, z) , ϕ = 0 . (21)
• Spin 0 scalar mode
h = hii . hij = ∂i∂jB −
1
3
g
(0)
ij ∂
k∂kB , ϕ . (22)
Then the tensor hij can be decomposed as follows,
hij = hˆij +
1
2
(
∂k∂k
)−1
(∂iAj + ∂jAi) +
1
3
g
(0)
ij h+ ∂i∂jB −
1
3
g
(0)
ij ∂
k∂kB , (23)
which gives,
B =
3
2
(
∂k∂k
)−2
∂i∂jhij − 1
2
(
∂k∂k
)−1
h or ∂i∂jhij =
2
3
(
∂k∂k
)2
B +
1
3
∂k∂kh . (24)
For all the above modes we considered, we have implicitly chosen the gauge condition htµ = 0.
A. Spin 2 tensor mode
Let us study in some detail the spin 2 tensor mode. In the case of spin 2 mode, we find that δGtt in (16) and δG
t
i
in Eq. (18) trivially vanish. In addition δGtt = δG
t
i = 0 and Eq. (19) is also trivially satisfied. On the other hand,
δGij in (45) has the following form,
δGij =− ǫklm
(
δikg
(0)
jn + δ
i
ng
(0)
jk
){(
4HU˙ + 2U¨
)
∂l∂thˆ
n
m + 2U˙∂l∂
2
t hˆ
n
m
}
+ F ′
{
−3
2
H∂thˆ
i
j −
1
2
∂2t hˆ
i
j +
1
2
∂k∂khˆ
i
j
}
+ F ′′
{
H¨
[
−42Hhˆij + 3∂thˆij
]
− 24H˙2hˆij + H˙
[
−72H2hˆij + 12∂thˆij
]}
+ F ′′′
{
−36H¨2hˆij − 288H¨H˙Hhˆij − 576H˙2H2hˆij
}
+
1
2
{
ω
(
φ(0)
)
2
(
φ˙(0)
)2
− V
(
φ(0)
)}
hˆij . (25)
We should note that the obtained equation (25) is a second order differential equation with respect to the cosmic time
t, although the original equation (7) or (45) is a fourth order difference equation. This is not curious, because the
F (R) gravity action can be rewritten in the form of a scalar-tensor theory, that is, the rewritten action is the sum of
the Einstein-Hilbert action and the action of the scalar field with potential. So in effect, the spin-two mode originates
from the Einstein-Hilbert part, which gives the standard Einstein equation, that is, the second order differential
equation. The existence of U -terms in (25) give the mixing of +-mode and x-mode and the dispersion relation of
the left-polarized mode is different from that of the right-polarized mode (see also [100], for example). We should
6note that there appear terms including the first derivative with respect to the cosmic time, ∂thˆ
i
j , which generate an
enhancement or dissipation of the gravitational wave. By using (11), we may rewrite (25) as follows,
δGij =− ǫklm
(
δikg
(0)
jn + δ
i
ng
(0)
jk
){(
4HU˙ + 2U¨
)
∂l∂thˆ
n
m + 2U˙∂l∂
2
t hˆ
n
m
}
− 1
2
F hˆij + F
′
{
−3
2
H∂thˆ
i
j −
1
2
∂2t hˆ
i
j +
1
2
∂k∂khˆ
i
j +
(
H˙ + 3H2
)
hˆij
}
+ F ′′
{
3H¨∂thˆ
i
j + 12H˙2∂thˆ
i
j −
(
42HH¨ + 168H2H˙ + 48H˙2 + 48HH¨
)
hˆij
}
+ F ′′′
{
−72H¨2 − 576H¨H˙H − 1152H˙2H2
}
hˆij , (26)
Just for simplicity, we consider the case that U˙ and H , and therefore, F , F ′, F ′′, and F ′′′ can be regarded as constants.
Then Eq. (26) can be reduced as follows,
δGij =− ǫklm
(
δikg
(0)
jn + δ
i
ng
(0)
jk
)
U˙
{
4H∂l∂thˆ
n
m + 2∂l∂
2
t hˆ
n
m
}
− 1
2
F hˆij + F
′
{
−3
2
H∂thˆ
i
j −
1
2
∂2t hˆ
i
j +
1
2
∂k∂khˆ
i
j + 3H
2hˆij
}
, (27)
We consider the plane wave propagating in the z-direction with the wave number k and frequency ω, hˆij =
h
(0)i
je
−iωt+ikz with constants h(0)ij . Then Eq. (20) tells h
(0)z
j = h
(0)i
z = 0 and in effect we find,
δGxx =2ωkU˙ {4H − 2iω}h(0)xy +
[
−1
2
F + F ′
{
3
2
iωH +
1
2
ω2 − 1
2
k2 + 3H2
}]
h(0)xx ,
δGyy =− 2ωkU˙ {4H − 2iω}h(0)yx +
[
−1
2
F + F ′
{
3
2
iωH +
1
2
ω2 − 1
2
k2 + 3H2
}]
h(0)yy ,
δGxy =2ωkU˙ {4H − 2iω}h(0)yy +
[
−1
2
F + F ′
{
3
2
iωH +
1
2
ω2 − 1
2
k2 + 3H2
}]
h(0)xy ,
δGyx =− 2ωkU˙ {4H − 2iω}h(0)xx +
[
−1
2
F + F ′
{
3
2
iωH +
1
2
ω2 − 1
2
k2 + 3H2
}]
h(0)yx ,
δGzi =δG
i
z = 0 . (28)
Usually we consider the following two modes, namely the + mode where h
(0)
+ ≡ h(0)xx = −h(0)yy and the × mode
where h
(0)
× ≡ h(0)xy = h(0)yx. In terms of this mode, the non-trivial equations in (28) take the following forms,
0 =2ωkU˙ {4H − 2iω}h(0)× +
[
−1
2
F + F ′
{
3
2
iωH +
1
2
ω2 − 1
2
k2 + 3H2
}]
h
(0)
+ ,
0 =− 2ωkU˙ {4H − 2iω}h(0)+ +
[
−1
2
F + F ′
{
3
2
iωH +
1
2
ω2 − 1
2
k2 + 3H2
}]
h
(0)
× . (29)
The above equations indicate that there should always be a mixing between the + mode and × mode and they should
appear in the forms of the left-handed or right handed mode, where h
(0)
+ = ±h(0)× . The equations in (29) give also the
following dispersion relation,
0 = ±2ωkU˙ {4H − 2iω} − 1
2
F + F ′
{
3
2
iωH +
1
2
ω2 − 1
2
k2 + 3H2
}
. (30)
The terms including iω in (30) come from the terms including ∂thˆ
i
j in (25), which generate the enhancement or
dissipation of the gravitational wave. In the case of the Chern-Simons axion Einstein gravity [22], we have F ′ = 1 and
F = R ∼ 24H2. Therefore the qualitative structure of the dispersion relation and the left- and right-handed modes
are not so changed from those corresponding to the Chern-Simons axion Einstein gravity. In case of the Chern-Simons
axion F (R) gravity, F (R) depends on the time coordinate t and therefore the full solution of the gravitational wave in
(27) becomes rather complicated. We should note that the polarization of the gravitational wave in the early Universe
also affects the polarization of CMB, and specifically the E-mode and B-modes, see for example [101].
7We now investigate the dispersion relation (29) in more detail. Eq. (29) can be solved as,
ω =
−
(
3
2 iF
′H + δLR8kU˙H
)
±
√
F ′2k2 − 334 F ′2H2 + 64k2U˙2H2 + F ′F + iδLR
(
72kF ′U˙H2 − 8kU˙F − 8kU˙F ′k3
)
2
(
F ′
2 − δLR4ikU˙
) .
(31)
Here δLR = ±1 for left or right-handed mode. For the high energy mode, for which k ≫ H and by neglecting the
contribution from the Chern-Simons term, that is, k ≪ F ′
U˙
, we obtain ω ∼ ±k. Therefore the propagating speed
of the gravitational wave is not changed. When ω is real number, ω should be positive and we should choose the
plus sign + of ± in (31). We should note, however, that for the very high energy mode when U˙ does not vanish,
U˙ 6= 0, that is, the mode k ≫ H and k ≫ F ′
U˙
, Eq. (30) has the form 0 = −δLR4iω2kU˙ − F ′2 k2 and therefore we
find ω2 ∼ −δLRi F ′8U ′ k, which is rather strange dispersion relation. By assuming that the real part of ω is positive we
obtain ω = e±
pi
4
√∣∣ F ′
8U ′ k
∣∣. Therefore there always appear an amplified and a decaying mode. Furthermore the group
velocity vg and the phase velocity vp are given by vg ≡ dωdk ∝ 1√k and vp ≡
ω
k
∝ 1√
k
, which become smaller for larger
k and much smaller than the velocity of light.
B. Spin 1 Vector Mode
In the case of the spin 1 mode, we find δGtt in (16) vanishes and Eq. (19) is also trivially satisfied, again, δG
t
t = 0.
On the other hand, δGti in (18) has the following form,
δGti =
2U˙
a2
ǫikl∂
k∂tA
l − 1
2
F ′∂tAi = 0 , (32)
and δGij in Eq. (45) has the following form,
δGij =ǫ
klm
(
δikg
(0)
jn + δ
i
ng
(0)
jk
) [
−
{(
4HU˙ + 2U¨
)
∂l∂th
(A)n
m + 2U˙∂l∂
2
t h
(A)n
m
}
− 2U˙∂l∂nAm
]
+ F ′
{
−3
2
H∂th
(A)i
j −
1
2
∂2t h
(A)i
j +
1
2
∂k∂kh
(A)i
j −
1
2
(
∂iAj + g
(0)img
(0)
jl ∂
lAm
)}
+ F ′′
{
H¨
[
−42Hh(A)ij + 3∂th(A)
i
j
]
− 24H˙2h(A)ij + H˙
[
−72H2h(A)ij + 12∂th(A)
i
j
]}
+ F ′′′
{
−36H¨2h(A)ij − 288H¨H˙Hh(A)
i
j − 576H˙2H2h(A)
i
j
}
+
1
2
{
ω
(
φ(0)
)
2
(
φ˙(0)
)2
− V
(
φ(0)
)}
h(A)
i
j
=0 , (33)
where h
(A)
ij is,
h
(A)
ij ≡
1
2
(
∂k∂k
)−1
(∂iAj + ∂jAi) , (34)
We now discuss the qualitative implications of Eq. (32). When U = 0 as in the standard F (R) gravity, we obtain
A˙i = 0. In effect, there is no time evolution of Ai, or no propagating mode and therefore Ai is determined by the initial
conditions consistent with (33). When U 6= 0, since there is a rotational symmetry, we may consider the plane wave
propagating in the z-direction with the wave number k, Ai = αi(t)e
ikz . Eq. (21) also indicates that Az = αz(t) = 0.
Then the i = z component in Eq. (32) is trivially satisfied and we obtain the following non-trivial equations,
0 = −2ikU˙
a
∂t
(
a−2αy(t)
)
+
1
2
F ′α˙x(t) , 0 =
2ikU˙
a
∂t
(
a−2αx(t)
)
+
1
2
F ′α˙y(t) , (35)
which can be rewritten in a matrix form as follows,(
2ikU˙
a3
1
2F
′
1
2F
′ − 2ikU˙
a3
)(
α˙x
α˙y
)
=
2ikU˙H
a3
( −αx
αy
)
. (36)
8As an example, we consider the case that H , U˙
a3
and F ′ are constant. Then by assuming αx = α
(0)
x e−iωt and
αy = α
(0)
y e−iωt with constants ω, α
(0)
x and α
(0)
y , we obtain,(
2ikU˙
a3
(−iω +H) 12F ′
1
2F
′ − 2ikU˙
a3
(−iω −H)
)(
α
(0)
x
α
(0)
y
)
= 0 . (37)
In order that Eq. (37) has non-trivial solutions for α
(0)
x and α
(0)
y , the determinant of the matrix should vanish, and
this constraint gives the following dispersion relation,
0 =
4k2U˙2
a6
(
ω2 +H2
)
+
1
4
F ′2 , (38)
which indicates that ω must be purely imaginary and therefore there is no propagating mode. The above result is
true for the high frequency mode, even if H , U˙
a3
and F ′ are not constant. Therefore, there is no propagating mode of
Spin 1, which is consistent with the standard requirement coming from the general covariance.
C. Spin 0 scalar mode
Let us now consider the spin-0 mode, which is also present in the pure F (R) gravity. For the spin-0 mode, we find,
δGtt =
1
3
F ′
{(
∂k∂k
)2
B − ∂k∂kh
}
+ F ′′
{
H¨ [−12Hh− 3∂th] + H˙
[
−48H2h− 12H∂th− 3∂2t h− 2
(
∂k∂k
)2
B + 2∂k∂kh
]
− 12H3∂th+H2
(
9∂2t h− 6
(
∂k∂k
)2
B + 6∂k∂kh
)
+H
(
3∂3t h+ (∂t + 2H)
(
2
(
∂k∂k
)2
B − 6∂k∂kh
))
−∂i∂i∂2t h−
2
3
∂l∂l
((
∂k∂k
)2
B − ∂k∂kh
)}
+ F ′′′
{
H¨
[
72H2∂th+ 18H
(
∂2t h+ 12
((
∂k∂k
)2
B − ∂k∂kh
))]
+ H˙
[
288H3∂th+ 72H
2
(
∂2t h+
(
2
3
(
∂k∂k
)2
B +
1
3
∂k∂kh
)
− ∂i∂ih
)]
− 1
2
{
ω′
(
φ(0)
)
2
(
φ˙(0)
)2
ϕ+ ω
(
φ(0)
)
φ˙(0)ϕ˙+ V ′
(
φ(0)
)
ϕ
}
=0 , (39)
δGij =ǫ
klm
(
δikg
(0)
jn + δ
i
ng
(0)
jk
) [
−
{(
4HU˙ + 2U¨
)
∂l∂th
(S)n
m + 2U˙∂l∂
2
t h
(S)n
m
}
+2U˙
(
∂k∂k∂lh
(S)n
m − ∂l∂k∂nh(S)
k
m
)]
+ F ′
{
H
[
3
2
∂thδ
i
j −
3
2
∂th
(S)i
j
]
− 1
2
∂2t h
(S)i
j +
(
1
2
∂2t h− ∂k∂kh+
2
3
(
∂k∂k
)2
B +
1
3
∂k∂kh
)
δij +
1
2
∂k∂kh
(S)i
j +
1
2
∂i∂jh
−1
2
(
∂i∂kh
(S)k
j + g
(0)img
(0)
jl ∂
l∂kh
(S)k
m
)}
+ F ′′
{
H¨
[
−42Hh(S)ij + (−12Hh+ ∂th) δij + 3∂th(S)
i
j
]
− 24H˙224h(S)ij
+ H˙
[
−72H2h(S)ij + 12∂th(S)
i
j +
(−48H2h− 8H∂th) δij + (7∂2t h+ 2∂k∂kh− 2 (∂k∂k)2B) δij]
− 12H3hδij +H2
[
5∂2t h+ 2∂
k∂kh− 2
(
∂k∂k
)2
B
]
δij
+H
[
4∂i∂j∂th+
(
6h− 2∂k∂k∂th− 2 (∂t + 4H)
(
2
3
(
∂k∂k
)2
B +
1
3
∂k∂kh
))
δij
]
+ ∂i∂j
(
∂2t h− ∂k∂kh
)
9+
(
∂4t h− 2∂k∂k∂2t h
+(∂t + 4H)
2
(
2
3
(
∂k∂k
)2
B +
1
3
∂k∂kh
)
+ ∂k∂k∂
l∂lh− ∂l∂l
(
2
3
(
∂k∂k
)2
B +
1
3
∂k∂kh
))
δij
}
+ F ′′′
{...
H
[
24H∂th+ 6∂
2
t h+ 4
((
∂k∂k
)2
B − ∂k∂kh
)]
δij − 36H¨2h(S)
i
j
+ H¨
[
H˙
(
−288Hh(S)ij + 48∂th
)
δij + 144H
2∂thδ
i
j +H
(
84∂2t h+ 8
(
∂k∂k
)2
B − 8∂k∂kh
)
δij
+
(
12∂3t h− 12 (∂t + 2H)
(
∂k∂kh+
(
2
3
(
∂k∂k
)2
B +
1
3
∂k∂kh
)))
δij
]
+ H˙2
[
−576H2h(S)ij +
(
288H∂th+ 24∂
2
t h+ 16
(
∂k∂k
)2
B − 16∂k∂kh
)
δij
]
+ H˙
[
192H3∂th+ 240H
2∂2t h+H
2
(
−32 (∂k∂k)2B + 32∂k∂kh)
+48H∂3t h+ 32H∂t
(
− (∂k∂k)2B + ∂k∂kh)] δij}
+ F ′′′′
{
H¨2
[
144Hh+ 36∂2t h+ 24
(
∂k∂k
)2
B − 24∂k∂kh
]
δij
+ H¨H˙
[
1152H2h+ 288H∂2t h+ 192H
((
∂k∂k
)2
B − ∂k∂kh
)]
δij
+H˙2
[
2304H3h+ 576H2∂2t h+ 384H
2
((
∂k∂k
)2
B − ∂k∂kh
)]
δij
}
+
1
2
{
ω
(
φ(0)
)
2
(
φ˙(0)
)2
− V
(
φ(0)
)}
h(S)
i
j
+
1
2
{
ω′
(
φ(0)
)
2
(
φ˙(0)
)2
ϕ+ ω
(
φ(0)
)
φ˙(0)ϕ˙− V ′
(
φ(0)
)
ϕ
}
δij
=0 , (40)
δGti =
2U˙
a2
ǫikl∂
k∂m∂th
(S)l
m + F
′
{
1
2
∂i∂
th− 1
2
∂k∂th
(S)
ik
}
+ F ′′
{
−4H˙∂i∂t4h+ 4H2∂i∂th+H
[
−3∂i∂2t h+ 2
((
∂k∂k
)2
B − ∂k∂kh
)]
−∂i∂3t h+
2
3
∂i (∂t + 2H)∂
k∂k∂t
((
∂k∂k
)2
B − ∂k∂kh
)}
+ F ′′′
{
H¨
[
−24H∂i∂thkk − 6∂i∂2t h− 4∂i∂k
((
∂k∂k
)2
B + ∂k∂kh
)]
+H˙
[
−96H2h− 24H∂i∂2t h+ 16H
((
∂k∂k
)2
B − ∂k∂kh
)]}
− ω
(
φ(0)
)
2
˙φ(0)∂iϕ
=0 , (41)
where h
(S)
ij is equal to,
h
(S)
ij =
1
3
g
(0)
ij h+ ∂i∂jB −
1
3
g
(0)
ij ∂
k∂kB . (42)
Eq. (19) takes the following form,
0 =
1
2
h (∂t + 3H)
(
ω
(
φ(0)
)
φ˙(0)
)
− 1
2
(∂t + 3H)
(
hω
(
φ(0)
)
φ˙(0)
)
− (∂t + 3H)
(
ω′
(
φ(0)
)
ϕφ˙(0)
)
− (∂t + 3H)
(
ω
(
φ(0)
)
ϕ˙
)
+ a3ω
(
φ(0)
)
∂k∂kϕ− V ′′
(
φ(0)
)
ϕ . (43)
Since the Chern-Simons term does not contribute to the above equations, as in the F (R) gravity with a scalar field,
there appear two propagating scalar modes. It is notable, and expected though, that the Chern-Simons term affects
solely the tensor gravitational wave modes, and not the spin-0 mode.
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V. SUMMARY
In summary, we have investigated the gravitational wave in the context of Chern-Simons axion F (R) gravity. For
the spin-0 scalar mode and the spin-1 vector mode, we demonstrated that for these modes, the situation is not changed
from the standard F (R) gravity coupled with quintessence type scalar field, and in addition, the Chern-Simons axion
term does not affect the propagation of these modes. This result was also known for the case of Chern-Simons
axion Einstein gravity, as it was shown in Ref. [83]. Actually, the Chern-Simons term does not affect the scalar
perturbations at all, and it affects solely the tensor perturbations. As a result, we have two propagating scalar modes
and no propagating vector mode. With regard to the propagation of the spin-2 graviton mode, the structure of
the dispersion relations become more complicated in comparison with the Einstein gravity with the Chern-Simons
axion, but the qualitative features of the propagating modes are not changed, and actually non-equivalent polarization
modes occur in both Einstein Chern-Simons and F (R) gravity Chern-Simons theory. Our study is focused mainly on
primordial gravitational modes, so in a future work we shall address several related issues, such as the conservation
of the amplitude of gravitational waves at large scales, and the effect of the function U(φ) and of the F (R) gravity
itself on the polarization asymmetry of the primordial gravitational waves.
Although the dispersion relation (30) tells that the qualitative structure of the tensor modes is not extensively
changed in comparison to that corresponding to the Chern-Simons axion Einstein gravity, there appear rather strange
behaviors in the very high energy mode where k ≫ H and k ≫ F ′
U˙
. In the mode the frequency ω is always complex
and proportional to the square root of the wave number k. Therefore an amplified and a decaying gravitational wave
mode always occur, and also both the group velocity and the phase velocity are proportional to 1√
k
. Then both the
group velocity and the propagating velocity become smaller for larger k, and even vanish in the limit of k →∞.
Finally let us note that in the present work we have found two propagating scalar modes, with the one being the
scalar mode which appears commonly in the context of higher derivative gravity [102], and with the other being the
pseudo-scalar mode corresponding to the axion scalar. Usually the scalar mode does not mix with the pseudo-scalar
mode, but if the parity symmetry is broken by the non-trivial value of the Chern-Simons term, a mixing can occur in
general.
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Appendix: Detailed Form of Perturbed Einstein Tensor Components
In this Appendix we present the detailed form of the tensor expressions needed in the text, but have quite extended
form. The full expression of the perturbed Einstein tensor is,
δGµν =
1
2
F
(
R(0)
)
hµν − 1
2
(
∇(0)µ ∇(0) ρhνρ +∇(0)ν ∇(0) ρhµρ −(0)hµν −∇(0)µ ∇(0)ν
(
g(0) ρλhρλ
)
− 2R(0)λ ρν µhλρ +R(0) ρµhρν +R(0) ρνhρµ
)
F ′
(
R(0)
)
+
1
2
g(0)µν F
′
(
R(0)
)(
−hρσR(0) ρσ +∇(0) ρ∇(0) σhρσ −(0)
(
g(0) ρσhρσ
))
+
(
−R(0)µν +∇(0)µ ∇(0)ν − g(0)µν(0)
)(
F ′′
(
R(0)
)(
−hρσR(0) ρσ +∇(0) ρ∇(0) σhρσ −(0)
(
g(0) ρσhρσ
)))
+
1
2
g(0)κλ
(
∇(0)µ hνλ +∇(0)ν hµλ −∇0λhµν
)
∂κF
′
(
R(0)
)
+ g(0)µν g
(0)ρτg(0)σηhρσ∇(0)τ ∇(0)ηF ′
(
R(0)
)
− 1
2
g(0)µν g
(0)ρσg(0)κλ
(
∇(0)ρ hσλ +∇(0)σ hρλ −∇0λhρσ
)
∂κF
′
(
R(0)
)
+
1
2
(
−ω
(
φ(0)
)
2
g(0)ρσ∂ρφ
(0)∂σφ
(0) − V
(
φ(0)
))
hµν +
ω
(
φ(0)
)
4
g(0)µν hρσ∂
ρφ(0)∂σφ(0)
11
+ 2
(
hµξg
(0)
νσ + hµσg
(0)
νξ + g
(0)
µξ hνσ + g
(0)
µσhνξ
)
ǫ˜(0) ζηρξ∇(0)τ ∇(0)ρ
(
U
(
φ(0)
)
R
(0) τσ
ζη
)
+ 2
(
g
(0)
µξ g
(0)
νσ + g
(0)
µσ g
(0)
νξ
){
−1
2
g(0)αβhαβ ǫ˜
(0) ζηρξ∇(0)τ ∇(0)ρ
(
U
(
φ(0)
)
R
(0) τσ
ζη
)
+ ǫ˜(0) ζηρξhαβ∇(0)α∇(0)ρ
(
U
(
φ(0)
)
R
(0)σβ
ζη
)
− 1
2
ǫ˜(0) ζηρξg(0) τα∇(0)τ ∇(0)ρ
(
2U
(
φ(0)
)
g(0)σβ
(
∇(0)ζ
(
∇(0)η hαβ +∇(0)α hηβ −∇(0)β hηα
)))
− 1
2
ǫ˜(0) ζηρξg(0) τα∇(0)τ
(
U
(
φ(0)
)(
g(0)σβ
(
∇(0)ρ hβγ +∇(0)γ hρβ −∇(0)β hργ
)
R
(0) γ
αζη
− g(0) γβ
(
∇(0)ρ hβα +∇(0)α hρβ −∇(0)β hρα
)
R
(0)σ
γζη − g(0) γβ
(
∇(0)ρ hβζ +∇(0)ζ hρβ −∇(0)β hρζ
)
R(0)σαγη
−g(0) γβ
(
∇(0)ρ hβη +∇(0)η hρβ −∇(0)β hgρη
)
R
(0)σ
αζγ
))
− 1
2
ǫ˜(0) ζηρξg(0)τα
(
−g(0) βγ
(
∇(0)τ hγρ +∇(0)ρ hτγ −∇(0)γ hτρ
)
∇(0)β
(
U
(
φ(0)
)
R
(0)σ
αζη
)
+ g(0)σγ
(
∇(0)τ hγβ +∇(0)β hτγ −∇(0)γ hτβ
)
∇(0)ρ
(
U
(
φ(0)
)
R
(0)β
αζη
)
− g(0)βγ
(
∇(0)τ hγα +∇(0)α hτγ −∇(0)γ hτα
)
∇(0)ρ
(
U
(
φ(0)
)
R
(0)σ
βζη
)
− g(0)βγ
(
∇(0)τ hγζ +∇(0)ζ hτγ −∇(0)γ hτζ
)
∇(0)ρ
(
U
(
φ(0)
)
R
(0)σ
αβη
)
−g(0)βγ
(
∇(0)τ hγη +∇(0)η hτγ −∇(0)γ hτη
)
∇(0)ρ
(
U
(
φ(0)
)
R
(0)σ
αζβ
))}
+
ω
(
φ(0)
)
4
∂ρφ
(0)∂σφ
(0)hρσg(0)µν +
1
2
{
−ω
(
φ(0)
)
2
∂µφ
(0)∂µφ(0) − V
(
φ(0)
)}
hµν
+
1
2
{
−ω
′ (φ(0))
2
∂µφ
(0)∂µφ(0)ϕ− ω
(
φ(0)
)
∂µφ
(0)∂µϕ− V ′
(
φ(0)
)
ϕ
}
g(0)µν +
ω′
(
φ(0)
)
2
∂µφ
(0)∂νφ
(0)ϕ
+
ω
(
φ(0)
)
2
(
∂µϕ∂νφ
(0) + ∂µφ
(0)∂νϕ
)
+ 2
(
g
(0)
µξ g
(0)
νσ + g
(0)
µσ g
(0)
νξ
)
∇(0)τ ∇(0)ρ
(
U ′
(
φ(0)
)
ϕǫ˜(0)ζηρξR
(0)τσ
ζη
)
=0 . (44)
Moreover, the non-zero components of the perturbed Einstein tensor are δGij ,
δGij ≡g(0)iµδGµj
=ǫklm
(
δikg
(0)
jn + δ
i
ng
(0)
jk
) [
−
{(
4HU˙ + 2U¨
)
∂l∂th
n
m + 2U˙∂l∂
2
t h
n
m
}
+ 2U¨∂l∂
nhtm
+2U˙
(−∂n∂l∂thtm + ∂k∂k∂lhnm − ∂l∂k∂nhkm)]
+ F ′
{
−
(
H˙ + 3H2
)
httδ
i
j +H
[(
∂t
(
3
2
hkk − htt
)
+ ∂khtk
)
δij −
3
2
∂th
i
j −
1
2
∂ihtj −
1
2
∂jh
ti
]
− 1
2
∂2t h
i
j +
(
1
2
∂2t h
k
k − ∂k∂k
(
htt + h
l
l
)
+ ∂k∂lhkl + 2∂
t∂khtk
)
δij +
1
2
∂k∂kh
i
j +
1
2
∂i∂j
(
htt + h
k
k
)
−1
2
(
∂i∂kh
k
j + ∂
t∂ihtj + g
(0)img
(0)
jl
(
∂l∂kh
k
m + ∂
t∂lhtm
))}
+ F ′′
{
−12 ...H httδij + H¨
[−42Hhij + (H (−33htt − 12hkk)− 12∂thtt + ∂thkk − 2∂khtk) δij + 3∂thij
+3∂ihtj + 3∂jh
ti
]
+ H˙2
(−30httδij − 24hij)
+ H˙
[−72H2hij + 12∂thij + 12∂ihtj + 12∂jhti + (H2 (42htt − 48hkk)+H (−51∂thtt − 8∂thkk − 44∂khtk)) δij
−6∂i∂jhtt +
(
∂2t
(−12htt + 7hkk)+ 9∂k∂khtt + 2∂t∂khtk + 3∂k∂khll − 3∂k∂lhkl) δij]+ 36H4httδij
+H3
[
∂t
(−15htt − 12hkk)− 12∂khtk] δij
+H2
[
12∂i∂jh
t
t +
(
∂2t
(−18htt + 5hkk)+ ∂k∂k (15htt + 3hkk)− 3∂k∂lhkl − 14∂t∂khtk) δij]
+H
[
∂i∂j
(−3∂thtt + 4∂thkk + 4htl)
12
+
(
∂3t
(−3htt + 6hkk)+ 5∂k∂k∂thtt − 2∂k∂k∂thl l − 2∂k∂l∂thkl − 4∂k∂k∂lhtl) δij]
+ ∂i∂j
(
∂2t h
k
k − ∂k∂khtt − ∂k∂khmm + 2∂l∂thtl
)
+
(
∂4t h
k
k + 2∂
k∂3t h
t
k − ∂k∂k∂2t htt − 2∂k∂k∂2t hl l
+∂k∂l∂2t hkl + ∂
k∂k∂
l∂lh
t
t + ∂
k∂k∂
l∂lh
m
m − ∂k∂k∂l∂mhlm − 2∂k∂k∂l∂thtl
)
δij
}
+ F ′′′
{...
H
[
−36H˙htt − 72H2htt +H
(
∂t
(−18htt + 24hkk)+ 24∂khtk)
+6∂2t h
k
k − 6∂k∂k
(
htt + h
l
l
)
+ 6∂k∂lhkl + 12∂
k∂th
t
k
]
δij
+ H¨2
[−90httδij − 36hij]
+ H¨
[
H˙
(−288Hhij + (−936Hhtt + ∂t (−108htt + 48hkk)+ 48∂khtk) δij)− 432H3httδij
+H2
(
∂t
(−252htt + 144hkk)+ 48∂khtk) δij
+H
(
∂2t
(−36htt + 84hkk)− 12∂k∂k∂t (htt + hkk)+ 12∂k∂lhkl + 72∂k∂thtk) δij
+
(
12∂3t h
k
k + 24∂
k∂2t h
t
k − 12∂k∂k
(
htt + h
k
k
)
+ 12∂k∂
l∂th
k
l
)
δij
]
+ H˙2
[−576H2hij + {−2016H2htt +H (∂t (−504htt + 288hkk)
+288∂khtk
)
+ 24∂2t h
k
k − 24∂k∂k
(
htt + h
k
k
)
+ 24∂k∂lhkl + 48∂
k∂th
t
k
)
δij
]
+ H˙
[−576H4htt +H3 (∂t (−720htt + 192hkk)− 192∂khtk)
+H2∂2t
(−144htt + 240hkk)+H2 (48∂k∂k (htt + hkk)− 48∂k∂lhkl + 96∂k∂thtk)
+48H∂3t h
k
k +H
(
96∂k∂2t h
t
k − 48∂k∂k∂t
(
htt + h
k
k
)
+ 48∂k∂l∂thkl
)]
δij
}
+ F ′′′′
{
H¨2
[
−216H˙htt − 432H2htt +H
(
∂t(−108htt + 144hkk
)
+144∂khtk
)
+ 36∂2t h
k
k − 36∂k∂k
(
htt + h
k
k
)
+ 36∂k∂lhkl + 72∂
k∂th
t
k
]
δij
− 1728H¨H˙2httδij + H¨H˙
[−3456H3htt +H2 (∂t (−864htt + 1152hkk)+ 1152∂khtk)
+288H∂2t h
k
k + 288H
(−∂k∂k (htt + hl l)+ ∂k∂lhkl + 2∂k∂thtk)] δij − 3456H˙3H2httδij
+ H˙2
[−6912H4htt +H3 (∂t (−1728htt + 2304hkk)+ 2304∂khtk)
+576H2∂2t h
k
k + 576H
2
(−∂k∂k (htt + hll)+ ∂k∂lhkl + 2∂k∂thtk)] δij}
+
ω
(
φ(0)
)
4
(
φ˙(0)
)2
httδij +
1
2
{
ω
(
φ(0)
)
2
(
φ˙(0)
)2
− V
(
φ(0)
)}
hij
+
1
2
{
ω′
(
φ(0)
)
2
(
φ˙(0)
)2
ϕ+ ω
(
φ(0)
)
φ˙(0)ϕ˙− V ′
(
φ(0)
)
ϕ
}
δij
=0 . (45)
[1] G. Bertone, D. Hooper and J. Silk, Phys. Rept. 405 (2005) 279 doi:10.1016/j.physrep.2004.08.031 [hep-ph/0404175].
[2] Y. Mambrini, S. Profumo and F. S. Queiroz, Phys. Lett. B 760 (2016) 807 [arXiv:1508.06635 [hep-ph]].
[3] S. Profumo, arXiv:1301.0952 [hep-ph].
[4] D. Hooper and S. Profumo, Phys. Rept. 453 (2007) 29 [hep-ph/0701197].
[5] L. Bergstrom, Rept. Prog. Phys. 63 (2000) 793 doi:10.1088/0034-4885/63/5/2r3 [hep-ph/0002126].
[6] V. K. Oikonomou, J. D. Vergados and C. C. Moustakidis, Nucl. Phys. B 773 (2007) 19 [hep-ph/0612293].
[7] D. J. E. Marsh, Phys. Rept. 643 (2016) 1 [arXiv:1510.07633 [astro-ph.CO]].
[8] P. Sikivie, Lect. Notes Phys. 741 (2008) 19 [astro-ph/0610440].
[9] G. G. Raffelt, Lect. Notes Phys. 741 (2008) 51 [hep-ph/0611350].
[10] A. D. Linde, Phys. Lett. B 259 (1991) 38.
[11] N. Du et al. [ADMX Collaboration], Phys. Rev. Lett. 120 (2018) no.15, 151301 [arXiv:1804.05750 [hep-ex]].
[12] R. Henning et al. [ABRACADABRA Collaboration],
[13] J. L. Ouellet et al., arXiv:1810.12257 [hep-ex].
[14] B. R. Safdi, Z. Sun and A. Y. Chen, arXiv:1811.01020 [astro-ph.CO].
[15] M. Rozner, E. Grishin, Y. B. Ginat, A. P. Igoshev and V. Desjacques, arXiv:1904.01958 [gr-qc].
13
[16] F. T. Avignone, R. J. Creswick and J. D. Vergados, arXiv:1801.02072 [hep-ph].
[17] A. Caputo, M. Regis, M. Taoso and S. J. Witte, arXiv:1811.08436 [hep-ph].
[18] A. Caputo, C. P. Garay and S. J. Witte, Phys. Rev. D 98 (2018) no.8, 083024 [arXiv:1805.08780 [astro-ph.CO]].
[19] M. Lawson, A. J. Millar, M. Pancaldi, E. Vitagliano and F. Wilczek, arXiv:1904.11872 [hep-ph].
[20] M. C. D. Marsh, H. R. Russell, A. C. Fabian, B. P. McNamara, P. Nulsen and C. S. Reynolds, JCAP 1712 (2017) no.12,
036 [arXiv:1703.07354 [hep-ph]].
[21] S. D. Odintsov and V. K. Oikonomou, Phys. Rev. D 99 (2019) no.6, 064049 [arXiv:1901.05363 [gr-qc]].
[22] S. Nojiri, S. D. Odintsov, V. K. Oikonomou and A. A. Popov, Phys. Rev. D 100 (2019) no.8, 084009 [arXiv:1909.01324
[gr-qc]].
[23] S. Nojiri, S. D. Odintsov and V. K. Oikonomou, arXiv:1907.01625 [gr-qc].
[24] S. D. Odintsov and V. K. Oikonomou, Phys. Rev. D 99 (2019) no.10, 104070 [arXiv:1905.03496 [gr-qc]].
[25] M. Cicoli, V. Guidetti and F. G. Pedro, arXiv:1903.01497 [hep-th].
[26] H. Fukunaga, N. Kitajima and Y. Urakawa, arXiv:1903.02119 [astro-ph.CO].
[27] A. Caputo, arXiv:1902.02666 [hep-ph].
[28] A. S. Sakharov and M. Y. Khlopov, Phys. Atom. Nucl. 57 (1994) 485 [Yad. Fiz. 57 (1994) 514].
[29] A. S. Sakharov, D. D. Sokoloff and M. Y. Khlopov, Phys. Atom. Nucl. 59 (1996) 1005 [Yad. Fiz. 59N6 (1996) 1050].
[30] M. Y. Khlopov, A. S. Sakharov and D. D. Sokoloff, Nucl. Phys. Proc. Suppl. 72 (1999) 105. doi:10.1016/S0920-
5632(98)00511-8
[31] J. H. Chang, R. Essig and S. D. McDermott, JHEP 1809 (2018) 051 [arXiv:1803.00993 [hep-ph]].
[32] I. G. Irastorza and J. Redondo, Prog. Part. Nucl. Phys. 102 (2018) 89 [arXiv:1801.08127 [hep-ph]].
[33] V. Anastassopoulos et al. [CAST Collaboration], Nature Phys. 13 (2017) 584 [arXiv:1705.02290 [hep-ex]].
[34] P. Sikivie, Phys. Rev. Lett. 113 (2014) no.20, 201301 [arXiv:1409.2806 [hep-ph]].
[35] P. Sikivie, Phys. Lett. B 695 (2011) 22 [arXiv:1003.2426 [astro-ph.GA]].
[36] P. Sikivie and Q. Yang, Phys. Rev. Lett. 103 (2009) 111301 [arXiv:0901.1106 [hep-ph]].
[37] A. Caputo, L. Sberna, M. Frias, D. Blas, P. Pani, L. Shao and W. Yan, Phys. Rev. D 100 (2019) no.6, 063515
[arXiv:1902.02695 [astro-ph.CO]].
[38] E. Masaki, A. Aoki and J. Soda, arXiv:1909.11470 [hep-ph].
[39] J. Soda and D. Yoshida, Galaxies 5 (2017) no.4, 96.
[40] J. Soda and Y. Urakawa, Eur. Phys. J. C 78 (2018) no.9, 779 [arXiv:1710.00305 [astro-ph.CO]].
[41] A. Aoki and J. Soda, Phys. Rev. D 96 (2017) no.2, 023534 [arXiv:1703.03589 [astro-ph.CO]].
[42] E. Masaki, A. Aoki and J. Soda, Phys. Rev. D 96 (2017) no.4, 043519 [arXiv:1702.08843 [astro-ph.CO]].
[43] A. Aoki and J. Soda, Int. J. Mod. Phys. D 26 (2016) no.07, 1750063 [arXiv:1608.05933 [astro-ph.CO]].
[44] I. Obata and J. Soda, Phys. Rev. D 94 (2016) no.4, 044062 [arXiv:1607.01847 [astro-ph.CO]].
[45] A. Aoki and J. Soda, Phys. Rev. D 93 (2016) no.8, 083503 [arXiv:1601.03904 [hep-ph]].
[46] T. Ikeda, R. Brito and V. Cardoso, Phys. Rev. Lett. 122 (2019) no.8, 081101 [arXiv:1811.04950 [gr-qc]].
[47] A. Arvanitaki, S. Dimopoulos, M. Galanis, L. Lehner, J. O. Thompson and K. Van Tilburg, arXiv:1909.11665 [astro-
ph.CO].
[48] A. Arvanitaki, M. Baryakhtar, S. Dimopoulos, S. Dubovsky and R. Lasenby, Phys. Rev. D 95 (2017) no.4, 043001
[arXiv:1604.03958 [hep-ph]].
[49] A. Arvanitaki, M. Baryakhtar and X. Huang, Phys. Rev. D 91 (2015) no.8, 084011 [arXiv:1411.2263 [hep-ph]].
[50] A. Arvanitaki and A. A. Geraci, Phys. Rev. Lett. 113 (2014) no.16, 161801 [arXiv:1403.1290 [hep-ph]].
[51] S. Sen, Phys. Rev. D 98 (2018) no.10, 103012 [arXiv:1805.06471 [hep-ph]].
[52] V. Cardoso, S. J. C. Dias, G. S. Hartnett, M. Middleton, P. Pani and J. E. Santos, JCAP 1803 (2018) 043
[arXiv:1801.01420 [gr-qc]].
[53] J. G. Rosa and T. W. Kephart, Phys. Rev. Lett. 120 (2018) no.23, 231102 [arXiv:1709.06581 [gr-qc]].
[54] H. Yoshino and H. Kodama, PTEP 2014 (2014) 043E02 [arXiv:1312.2326 [gr-qc]].
[55] C. S. Machado, W. Ratzinger, P. Schwaller and B. A. Stefanek, arXiv:1912.01007 [hep-ph].
[56] A. Korochkin, A. Neronov and D. Semikoz, arXiv:1911.13291 [hep-ph].
[57] A. S. Chou, Astrophys. Space Sci. Proc. 56 (2019) 41.
[58] C. F. Chang and Y. Cui, arXiv:1911.11885 [hep-ph].
[59] N. Crisosto, G. Rybka, P. Sikivie, N. S. Sullivan, D. B. Tanner and J. Yang, arXiv:1911.05772 [astro-ph.CO].
[60] K. Choi, H. Seong and S. Yun, arXiv:1911.00532 [hep-ph].
[61] M. Kavic, S. L. Liebling, M. Lippert and J. H. Simonetti, arXiv:1910.06977 [astro-ph.HE].
[62] D. Blas, A. Caputo, M. M. Ivanov and L. Sberna, arXiv:1910.06128 [hep-ph].
[63] D. Guerra, C. F. B. Macedo and P. Pani, JCAP 1909 (2019) no.09, 061 [arXiv:1909.05515 [gr-qc]].
[64] T. Tenkanen and L. Visinelli, JCAP 1908 (2019) 033 [arXiv:1906.11837 [astro-ph.CO]].
[65] G. Y. Huang and S. Zhou, Phys. Rev. D 100 (2019) no.3, 035010 [arXiv:1905.00367 [hep-ph]].
[66] D. Croon, R. Houtz and V. Sanz, JHEP 1907 (2019) 146 [arXiv:1904.10967 [hep-ph]].
[67] F. V. Day and J. I. McDonald, JCAP 1910 (2019) no.10, 051 [arXiv:1904.08341 [hep-ph]].
[68] O. E. Kalashev, A. Kusenko and E. Vitagliano, Phys. Rev. D 99 (2019) no.2, 023002 doi:10.1103/PhysRevD.99.023002
[arXiv:1808.05613 [hep-ph]].
[69] A. Nishizawa and T. Kobayashi, Phys. Rev. D 98 (2018) no.12, 124018 doi:10.1103/PhysRevD.98.124018
[arXiv:1809.00815 [gr-qc]].
[70] P. Wagle, N. Yunes, D. Garfinkle and L. Bieri, arXiv:1812.05646 [gr-qc].
14
[71] K. Yagi, N. Yunes and T. Tanaka, Phys. Rev. Lett. 109 (2012) 251105 Erratum: [Phys. Rev. Lett. 116 (2016) no.16,
169902] doi:10.1103/PhysRevLett.116.169902, 10.1103/PhysRevLett.109.251105 [arXiv:1208.5102 [gr-qc]].
[72] K. Yagi, N. Yunes and T. Tanaka, Phys. Rev. D 86 (2012) 044037 Erratum: [Phys. Rev. D 89 (2014) 049902]
doi:10.1103/PhysRevD.89.049902, 10.1103/PhysRevD.86.044037 [arXiv:1206.6130 [gr-qc]].
[73] C. Molina, P. Pani, V. Cardoso and L. Gualtieri, Phys. Rev. D 81 (2010) 124021 doi:10.1103/PhysRevD.81.124021
[arXiv:1004.4007 [gr-qc]].
[74] F. Izaurieta, E. Rodriguez, P. Minning, P. Salgado and A. Perez, Phys. Lett. B 678 (2009) 213
doi:10.1016/j.physletb.2009.06.017 [arXiv:0905.2187 [hep-th]].
[75] C. F. Sopuerta and N. Yunes, Phys. Rev. D 80 (2009) 064006 doi:10.1103/PhysRevD.80.064006 [arXiv:0904.4501 [gr-qc]].
[76] K. Konno, T. Matsuyama and S. Tanda, Prog. Theor. Phys. 122 (2009) 561 doi:10.1143/PTP.122.561 [arXiv:0902.4767
[gr-qc]].
[77] T. L. Smith, A. L. Erickcek, R. R. Caldwell and M. Kamionkowski, Phys. Rev. D 77 (2008) 024015
doi:10.1103/PhysRevD.77.024015 [arXiv:0708.0001 [astro-ph]].
[78] H. J. Matschull, Class. Quant. Grav. 16 (1999) 2599 doi:10.1088/0264-9381/16/8/303 [gr-qc/9903040].
[79] Z. Haghani, T. Harko and S. Shahidi, Eur. Phys. J. C 77 (2017) no.8, 514 doi:10.1140/epjc/s10052-017-5078-0
[arXiv:1704.06539 [gr-qc]].
[80] M. Satoh, S. Kanno and J. Soda, Phys. Rev. D 77 (2008) 023526 doi:10.1103/PhysRevD.77.023526 [arXiv:0706.3585
[astro-ph]].
[81] M. Satoh and J. Soda, JCAP 0809 (2008) 019 doi:10.1088/1475-7516/2008/09/019 [arXiv:0806.4594 [astro-ph]].
[82] D. Yoshida and J. Soda, Int. J. Mod. Phys. D 27 (2018) no.09, 1850096 doi:10.1142/S0218271818500967 [arXiv:1708.09592
[gr-qc]].
[83] J. c. Hwang and H. Noh, Phys. Rev. D 71 (2005) 063536 doi:10.1103/PhysRevD.71.063536 [gr-qc/0412126].
[84] K. Choi, J. c. Hwang and K. W. Hwang, Phys. Rev. D 61 (2000) 084026 doi:10.1103/PhysRevD.61.084026
[hep-ph/9907244].
[85] K. Inomata and M. Kamionkowski, arXiv:1811.04959 [astro-ph.CO].
[86] M. Kamionkowski and A. Kosowsky, Phys. Rev. D 57 (1998) 685 doi:10.1103/PhysRevD.57.685 [astro-ph/9705219].
[87] J. R. Pritchard and M. Kamionkowski, Annals Phys. 318 (2005) 2 doi:10.1016/j.aop.2005.03.005 [astro-ph/0412581].
[88] D. H. Lyth, C. Quimbay and Y. Rodriguez, JHEP 0503 (2005) 016 doi:10.1088/1126-6708/2005/03/016 [hep-th/0501153].
[89] S. H. S. Alexander, M. E. Peskin and M. M. Sheikh-Jabbari, eConf C 0605151 (2006) 0022 [hep-ph/0701139].
[90] S. H. S. Alexander, M. E. Peskin and M. M. Sheikh-Jabbari, Phys. Rev. Lett. 96 (2006) 081301
doi:10.1103/PhysRevLett.96.081301 [hep-th/0403069].
[91] Y. Cai, Y. T. Wang and Y. S. Piao, JHEP 1703 (2017) 024 doi:10.1007/JHEP03(2017)024 [arXiv:1608.06508 [astro-
ph.CO]].
[92] F. Moretti, F. Bombacigno and G. Montani, arXiv:1906.01899 [gr-qc].
[93] S. Nojiri, S. D. Odintsov and V. K. Oikonomou, Phys. Rept. 692 (2017) 1 doi:10.1016/j.physrep.2017.06.001
[arXiv:1705.11098 [gr-qc]].
[94] S. Nojiri and S. D. Odintsov, Phys. Rept. 505 (2011) 59 doi:10.1016/j.physrep.2011.04.001 [arXiv:1011.0544 [gr-qc]].
[95] S. Nojiri and S. D. Odintsov, eConf C 0602061 (2006) 06 [Int. J. Geom. Meth. Mod. Phys. 4 (2007) 115]
doi:10.1142/S0219887807001928 [hep-th/0601213].
[96] S. Capozziello and M. De Laurentis, Phys. Rept. 509, 167 (2011) doi:10.1016/j.physrep.2011.09.003 [arXiv:1108.6266
[gr-qc]].
[97] V. Faraoni and S. Capozziello, Fundam. Theor. Phys. 170 (2010). doi:10.1007/978-94-007-0165-6
[98] A. de la Cruz-Dombriz and D. Saez-Gomez, Entropy 14 (2012) 1717 doi:10.3390/e14091717 [arXiv:1207.2663 [gr-qc]].
[99] G. J. Olmo, Int. J. Mod. Phys. D 20 (2011) 413 doi:10.1142/S0218271811018925 [arXiv:1101.3864 [gr-qc]].
[100] N. Seto and A. Taruya, Phys. Rev. D 77 (2008) 103001 doi:10.1103/PhysRevD.77.103001 [arXiv:0801.4185 [astro-ph]].
[101] J. Bielefeld and R. R. Caldwell, Phys. Rev. D 91 (2015) no.12, 123501 doi:10.1103/PhysRevD.91.123501 [arXiv:1412.6104
[astro-ph.CO]].
[102] C. Bogdanos, S. Capozziello, M. De Laurentis and S. Nesseris, Astropart. Phys. 34 (2010) 236
doi:10.1016/j.astropartphys.2010.08.001 [arXiv:0911.3094 [gr-qc]].
